A parameter study has been carried out to investigate the interdependence of mechanical and fluid flow properties of fractures with fracture roughness and sample size. A rough fracture can be defined mathematically in terms of its aperture density distribution. Correlations were found between the shapes of the aperture density distribution function and the specific fratures of the stress-strain behavior and fluid flow characteristics. Well-matched fractures had peaked aperture distributions which resulted in very nonlinear stressstrain behavior. With an increasing degree of mismatching between the top and bottom of a fracture, the aperture density distribution broadened and the nonlinearity of the stress-strain behavior became less accentuated. The different aperture density distributions also gave rise to qualitatively different fluid flow behavior. Findings from this investigation make it possible to estimate the stress-strain and fluid flow behavior when the roughness characteristics of the fracture are known; and conversely, to estimate the fracture roughness from an examination of the hydraulic and mechanical data. Results from this study showed that both the mechanical and hydraulic properties of the fracture are controlled by the large-scale roughness of the joint surface.
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turn to predict the fluid flow through such a fracture as a function of normal stress. In this paper we investigated many different fractures of known roughness profile to find correlations .between specific features in the. normal stress-displacement curve 'of a fracture and the actual geometric characteris-.
tics of the fracture. This systematic study lends additional. insight on the .
interdependence of fluid flow through a fracture and the stress-displacement .
measurements across the fracture.
Not much information is available in the literature on the roughness characteristics of single fractures. Sharp (1970) showed an aperture frequency histogram obtained from laboratory measurements of a tension fracture. Neuzil and Tracy (1981) modeled a rough fracture using a log normal aperture frequency distribution in their theoretical work on flow through rough fractures.
OUr approach assumes no specified mathematical form for the aperture distribution; it is derived from the actual joint profiles as shown in Figure 1 , ~ which is reproduced from Figure 9 of Bandis et al. (1981) . It shows a selection of joint surface profiles from natural exposures of sandstone, siltstone, and limestone. If each joint surface profile were to represent both the top and bottom halves of a fracture, then different fracture apertures may be simulated from each profile when the upper and lower joints are mismatched in varying degrees. This approach of simulating fractures from real joint profiles is suited to the purpose of our systematic study, where one needs a large sampling of fractures with known roughness characteristics, and where each fracture may be represented mathematically by an aperture distribution function. We note that in Figure 1 , the roughness of each joint surface is characterized by a large-scale undulation on which is superimposed a smallscale roughness whose average amp~itude and wavelength are much smaller than that of the large-scale undulation. The profiles range from rough undulation to almost smooth and planar. For our analysis, we chose fractures that are 4 simulated from profiles 1 and 10 in Figure 1 . These two profiles are distinctly different in their typical large-scale undulation amplitude; however, their small-scale roughness is similar. We computed the normal stress-displacement and stress-fluid flow characteristics of these fractures. Through our analysis, sufficient insight was gained to enable us to correlate the mechanical and hydraulic properties of the fracture to the fracture roughness. Therefore, given a rough-walled fracture, certain characteristics in the normal stressdisplacement and normal stress-flow curves can be anticipated. Conversely, given normal stress-displacement and stress-flow measurements, the results of this study enable one to have an intuitive feeling as to the geometric characteristics of that rough fracture, eliminating the need for actual, lengthy " mathematical calculations of our earlier approach (Tsang and Witherspoon, 1981) . w Furthermore, our study indicates that it is the large-scale roughness undulation of the fracture walls, and the degree of mismatching between the ... ,.;J 5 two walls of the fracture that control the shape of the normal stress-displacement curve, which in turn determines the dependence of flow on normal stress.
Our investigation therefore suggests that the large-scale undulation wavelength of a fracture wall may be the key to the appropriate representative equivalent volume (REV) for stress-flow behavior of single fractures.
Method
we discussed in the introduction that each joint surface profile as displayed in Figure 1 may be considered to represent both the upper and lower joint surfaces of a fracture. Different fracture apertures may then be constructed when the upper and the lower joints are mismatched in varying degrees. Figure 2 shows four· different variations that were generated from the same joint surface profile 1 in Figure 1 . In Figure 2a ,b,c,d, the top joint has been displaced to the right of the-bottom joint by fractions varying from .
0.013, 0.030, 0.056, 0.17, respectively, of the entire profile length. We have assumed that the roughness profile repeats itself, the profile lengths displayed in Figure 1 being the smallest repeating unit. The fractures in Figure 2 were constructed from the same roughness profile 1 by the abovementioned horizontal displacement plus enough vertical separation to ensure that there was no overlap between the upper and lower profiles. If the profile for each of the fractures in Figure 2 is discretized into appropriate length units, then the fraction of discretized length units having an aperture value b will give the aperture density distribution n(b); which is an appropriate mathematical description of the physical fracture. The apertures range from zero to some maximum value b 0
•
In the earlier work (Tsang and Witherspoon, 1981) we used a void description of the fra~ture, that is, each fracture such as shown in Figure 2 can be considered as a collection of elongated voids of length, 2d. Assuming a spatially random distribution for the voids which make up the fracture, we derived the following relationship:
where Beff is the effective Young's modulus of the rock with the fracture, · B is the Young's modulus of the intact rock, and <d> is one-half the crack length averaged over all the voids. The physical picture implied by ( 1 ) is illustrated in Figure 3 , which portrays a portion of fractur.e at increasing levels of applied stress. Under increasing load, the deformation of the voids causes more areas between the top and bottom of the fracture to come in contact and leads to a decrease in <d>. This ~ocess results in a gradual increase of the effective modulus with increasing load according to (1). Bquation (1) therefore provides a bridge between the mechanical properties of a fractured rock and the geometrical characteristics of the fracture. we shall show in the following that, given a fracture for which the aperture density distribution·has been defined, we can calculate the fracture mechanical properties.
When measurements are made on intact rock over a thickness t, then by definition,
,.
and for a rock with a single fracture, one has
where AVr is the deformation of the intact rock and AV, the closure of the 7
fracture. Note that whereas AVr will be proportional to L, AV is a property intrinsic to the fracture and is independent of L. Therefore, an evaluation of Eeff in (3) from stress-displacement measurements depends on L and is nonunique. That is, the larger the L chosen, the more difficult it will be to distinguish the effect of the presence of the fracture from the overall mechanical property of the rock.
If the modulus E of the intact rock is a constant, equations ( 2) and ( 3) reduce to
The integrand on the right-hand side of ( 4) can be computed from the geometry of the fracture profile, which is represented by the aperture density n(b) as determined at zero stress: that is, when the fracture closure AV is zero. As the fracture closes, AV increases and each aperture is reduced the amount AV. 
(5)
For a spatially random distribution of voids, the average half-crack length <d> is inversely proportional to the fractional contact area. Since <d> is related to Eeff/E from (1), the integral in (4) may be evaluated numerically for any given n(b). We should point out that the proportionality sign in ( 1) implies that a reference crack length at zero stress is needed. Since the entire length of profile 1 shown in Figure 1 contains approximately three largescale undulation wavelengths, we have chosen the reference crack length to be one-third of the entire profile in our computations. According to equation (4), actual values of a may be obtained when the Young's modulus (E) of the intact rock and the actual conditions of measurements (R.) are known. The flat tail of the a versus ~V curve at small ~v ( Fig. 4) corresponds to low-aperture densities n(b) at small apertures b. Therefore, for small ~V, the fracture contact area increases very slowly (see (5)) ~s ~V is increased. Also, the average crack length remains large (see Fig. 3 ),
hence Eeff remains small according to (1) and the nearly flat slope of da/~V results. As n(b) peaks, the contact area increases rapidly, causing the aver• age crack length to decrease rapidly, giving rise to a steady increase of the slope da/dAV. As n(b) decreases again beyond the peak, the slope da/~V approaches a constant. These correlations between the shape of the a versus ~v curve and the shape of n(b) are consistently seen in Figures 4 through 7.
When the aperture density is appreciable at small b (Fig. 6 ), the flat tail of the a versus ~V curve, so prominent in Figure 4 , has all but disappeared.
We note in the progression from Figure Figure 8 shows the fractional fracture contact area variation for the most well-matched fracture (Fig. 2a) . The a-shaped curve demonstrates that the Stress and aperture distribution calculations were also carried out using the joint surface profile 10 in Figure 1 . FractUres were formed using lateral displacements of the same magnitudes as in the calculations for profile 1.
Whereas profiles 1 and 10 have comparable small-scale roughness and average large-scale undulation wavelength, they differ most distinctly in their typical large-scale undulation amplitude. By virtue of the smaller undulation amplitude in profile 10, one may say that the joint in profile 10 is smoother than that in profile 1. Each fracture constructed from profile 10 has apertures much smaller than the corresponding fracture constructed from profile 1.
This result is consistent with our intuition that a smoother walled fracture 12 should give rise to smaller overall range of fracture apertures. Figure 9 shows erties; so we borrow profiles 1 and 10 from the work of Bandis et al. (1980) and assume that they are joints of the same rock type differing only in their geometrical characteristics. This justifies the comparison between Figure 4 and Figure 9 .) The distinction between Figure 4 and Figure 9 may be most simply stated in mathematical terms. In Figure 4 , the square root of the variance of n(b) is smaller than the mean of the distribution; whereas in the more planar fractures from profile 10 (.e.g., Fig. 9 ). The absence of a long flat tail at small Av in the a versus Av curve and the overall smaller fracture apertures with a skewed aperture distribution are the prominent features that differentiate a more planar fracture from an undulation fracture.
In other respects, the a versus Av curves correlate to the aperture density in a· similar fashion as in the case of profile 1: the broadening of the aperture density and the less steep rise of a versus Av as the mismatch between the upper and lower joints increases.
The above calculations lead to an understanding of the general relationship between fracture roughness and the fracture mechanical property under normal stress. Mathematically, a well-matched fracture (such as Fig. 2a) gives rise to an aperture distribution that has a narrow and peaked envelope (Fig. 4) , whereas an ill-matched fracture such.as Figure 2d gives rise to an aperture distribution that has a broad and flat envelope (Fig. 7) . The largescale roughness determines the shape of the aperture distribution envelope.
The small-scale roughness of the fracture wall contributes to the background noise of the aperture distributions in Figures 4 through 7. Since the features in the a vs Av curves can be generally correlated to the shape of the aperture distribution envelope, it is the large-scale roughness of the fracture walls that controls the mechanical behavior of the fracture. AV.
' (6) and n(b) denotes the fracture aperture distribution in the absence of applied normal stress. Since the variation of a versus AV is given in equation (4) Calculations also show that the flow per unit head throuqh the fracture approaches some limdtinq value qreater than zero at larqe stresses1 and the more mismatched the undulatinq fracture, the smaller is this limdtinq value of flow. To illustrate this, Fiqure 10 is replotted in Figure 11 with the flow per unit head put into logarithmic scale. The convenient scale of lenqth unit cubed is used for the flow by virtue of equation (6). At zero applied stress, the fluid flow through the most mismatched fracture 2d is larqest since it has the larqest overall apertures1 however, at larqe stresses, the flow for the same .mismatched fracture takes on the smallest value. The point of termination for each curve in Figure 11 is qoverned by the value of stress beyond which the a versus ~V curve (Fiq. 4 throuqh Fiq. 7) becomes near-vertical; as discussed earlier, implyinq that very little fracture closure will occur The nonzero limiting values of flow per unit head at high stress are consistent with experimental evidence [Kranz et al., 1979] that fractures remain open for fluid flow even up to effective stresses of 200-300 MPa. This is also not surprising if we consider the physics that is involved. Recall from equations ( 1) and (2) that over a thickness R., E is .defined in terms of the rock displacement ~Vr with stress and Eeff is defined in terms of the total displacement ~Vt, which is the sum of the rock displacement and the fracture closure. One may separate this thickness R. further into two components, one· is the immediate area around the fracture, on the order of thickness b 0 , which we shall call R.1• The modulus of this fracture region will be denoted by E1• The other component is the rock away from the immediate vicinity of the fracture, with thickness ( R. -R.1) and intact rock modulus E. When normal stress is applied to R., the respective displacements in the two regions are ~v and ~vr• If a two-springs analog is used to describe the system, it is straight-forward to show that (7) In the void description of the fracture, when the crack lengths are long,
Beff/E « 1, implyinq that the fracture reqion (E 1 ) will be so soft that the measured total displacement flVt would be dominated by the fracture closure flV. However, as the stress level increases, the crack lenqths shorten and Eeff/E approaches 1, then B1 is no lonqer siqnificantly different from the intact rock modulus B. In which case, to separate ! into two reqions and to describe it by the two-sprinqs analoq is artificial. In fact, the response of the reqion! to external load is simply that of one 'sprinq', that correspondinq to the rock. Within the fracture, the response to external load is from the 'shorteninq' of those asperities already in contact, rather than further closure to brinq more asperities into contact·. ..
systematic study therefore supplies the theoretical basis for our physical intuition. We summarize in the following our findings from this study, they are:
( 1 ) The roughness of a fracture wall may be characterized by a small-scale roughness superposed on a large-scale undulation. It is the large-scale undulation in the fracture wall roughness that determines the shape of.
the aperture density distribution and therefore controls the mechanical and hydraulic properties. Fiqure 8.
Fiqure9.
Selection of typical joint surface profiles (after Bandis, Lumsden, and Barton, 1981) .
Pour fiqures generated fran the surface profile number 1 of Fiqure 1.
Deformation of 'voids' in a sequence of increasing normal stress.
Fracture aperture distribution and stress-fracture closure variation for fracture 2a.
Fracture aperture distribution and stress-fracture closure variation for fracture 2b.
Frac~ure aperture distribution and stress-fracture closure variation for fracture 2c.
Fracture aperture distribution and stress-fracture closure variation for fracture 2d.
Fractional contact area as a function of fracture closure for fractures 2a' and 2d.
Fracture aperture distribution and stress-fracture closure variation for fracture generated from surface profile 10 of Fiqure 1. .... .... .,. Fracture closure llV or aperture b, length units XBl-822-1797 .. ... 
